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The d-subgraph G, of a simple graph G is the subgraph of G induced by the 
vertices of maximum degree LI =d(G). We prove a number of results to the effect 
that if d(G) is large and the minimum degree of G, is at most one, then G satisfies 
x’(G) = d(G), where x’(G) is the edge-chromatic number of G. 0 1989 Academic 
Press. Inc. 
1. INTR~DuOTI~N 
The graphs in this paper are simple, that is, they have no loops or 
multiple edges. An edge-colouring of a graph G is a map 4 : E(G) -+ W, 
where %7 is a set of colours and E(G) is the set of edges of G, such that no 
two incident edges receive the same colour. The chromatic index (or 
edge-chromatic number) x’(G) of G is the least value of 191 for which an 
edge-colouring exists. A well-known theorem of Vizing [12] states that 
4G)dx’(G)<Ad(G)+ 1, 
where d(G) is the maximum degree of 6. Graphs for which d(G) = x’(G) 
are said to be class 1, and otherwise they are class 2. 
A graph which satisfies 
F(G)1 3 1 
I V(G)/ 
2 J 
d(G) + 1, 
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where V(G) is the vertex-set of G, is called overfull. If there is equality here, 
then G is called just overfull. If G is overfull, then G must be class 2, 
because no colour class can contain more than L ( V(G)1/2 J edges. An 
overfull graph must have odd order. 
Let G,, the A-subgraph of G, be the subgraph of G induced by the ver- 
tices of degree A(G). In Theorem 1 of this paper, we show that if 6(G,) 6 1 
(where 6(G) denotes the minimum degree of G), then G cannot be overfull. 
This suggests quite strongly that, under a variety of circumstances, if 
6(G,) 6 1, then G will be class 1. The main result known so far on these 
lines is that if G, is a forest, then G is class 1. This result is Exercise lie of 
[S], and it is easy to deduce from Vizing’s adjacency lemma [ 131; it is also 
given in [IS]. We would like to propose the following conjecture, which 
suggests that if A(G) is sufficiently large compared with ( v(G)I, then 
6(G,) d 1 is a suflicient condition for G to be class 1. 
CONJECTURE 1. Let G be a graph satisfying the two inequalities: 
(li) A(G) > $(I V(G)1 - 3), and 
(lii) 6(G,) < 1. 
Then G is class 1. 
The following example shows that Conjecture 1 is sharp in the sense that 
a class 2 graph G with 6(G,) d 1 and A(G) = 3( 1 V(G)1 - 3) does exist. 
EXAMPLE. Let A be even, A 3 8. Let G1 be a graph with 1 V(G,)l = 
A + 1, where q(A - 2) vertices have degree A - 2 and the remaining vertices 
have degree A. Then 
lE(G,)l = j{ (I V(G,)( - +(A - 2))A + ;(A - 2)(A - 2)) 
=$((l +A-$(A- 2))A+;(A-2)(A-2)] 
= $A’+1 
= lVG,)I A+l 
i 1 2 
Thus G1 is just overfull, and so is class 2. Let G2 be a graph with 
j V(G,)J = $( A + 4), with a vertex x of degree i(A + 2). Form G by joining x 
to each vertex of degree A - 2 in G1. Then XE v(G,), dGd(x) = 0, G is 
class 2, and 
IV(G)/=~(d+4)+lI/(G,)I 
=+(A+4)+A+l 
= ;A + 3, 
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A = # 1 V(G)1 - 3). 
The results we obtain in this paper substantiate Conjecture 1 in a variety 
of special circumstances. 
2. USEFUL RESULTS 
In this section we collect together a number of results we make use of 
later. 
The first result was proved in [2, Theorem 21. 
L&A 1. Let G be a class 2 graph with r vertices of maximum degree, 
let Ltl V(G)I_I=n, and let A(G)>n+$r-3. 
(i) Zf G is (r-2)-edge-connected, then (E(G)1 > nA(G), 
(ii) ZfG is (<(r- 2))-edge-connected, then G has an edge-cut S with 
ISI < r - 2 which separates G into two subgraphs G, and G2, where 
I V(G,)/ > / V(G,)I, A(G,) =A(G), and G, is overfull. 
The notation G z a;’ . . . a$ is used to indicate that G has xi vertices of 
degree a, for 1 d i<s. In [4] the following was proved: 
LEMMA 2. Let G be a connected class 2 graph with at most three vertices 
of maximum degree. Then G is class 2 tf and only tf, for some n, 
G 2 (2n - 1)‘2”-“(2n)3. 
The next lemma was proved in [2]. 
LEMMA 3. Let G be a connected graph with four vertices of maximum 
degree. Then G is class 2 tf and only if, for some n, either 
(i) Gz(2n-2) (2n-33(2n - 1)4, or 
(ii) G~(2n-2)(2n- 1)(Zn+41(2n)4, OY 
(iii) for some m <n, G has a bridge e; G/e is the union of two disjoint 
graphs G, and G2, where G, has degree at most 2m - 1 and contains at least 
one vertex v of degree at most 2m - 2; e j’oins v in G, to a vertex w in G,, 
where either 
(iiia) G1 z (2m -2)(2m - 1)2m-4(2m)4 and w is the vertex of 
degree 2m - 2 in G, , or 
(nib) G, E (2m - 1)2”-2(2m)3 and w is a vertex of degree 2m - 1 
in G,. 
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The next lemma is included in a result proved in [4]. 
LEMMA 4. Let G be a graph, let XE V(G,), and let dG,(x)d 1. Let 
d(G\x) = d(G). Then $(G\x) = x’(G). 
Let the deficiency def(G) of a graph G be defined by. 
deg(G) = c (d(G) - dG(v)). VE V(G)
The following lemma was proved in [Z]. 
LEMMA 5. Let G have odd order. Then G is just overfull if and only if 
def(G) = d(G)- 2. 
3. MAIN RESULTS 
A graph G is critical if it is class 2, connected, and if x’( G\e) < x’(G) for 
all e E E(G). By Vizing’s adjacency lemma, if G is critical then each vertex 
of G is adjacent to at least two vertices of maximum degree. Since it is 
known [2] that many just overfull graphs are critical, our first result 
comes as no surprise. 
LEMMA 6, Zf G is overfill, then every vertex is adjacent to at least two 
vertices of maximum degree. 
Proof. Let 1 V(G)] = 2n + 1. If G = Kzn + I the lemma is true, so we may 
suppose that G # K,, + , and that 
d(v,)<d(v,)< ... <d(v,)<d(v,+,)= ... =d(v,,+,)=d(G). 
By Lemma 5, 
d(G) - 2 2 def(G) 
=yd(G)- (d(v,)+ ... +d(v,)) 
>, d(G) -40,) + y - 1, 
so 
d(u,)>(y-1)+2. 
Because each of vl, . . . . vY is joined to at most y - 1 other vertices of less 
than maximum degree, each of them is joined to at least two vertices of 
maximum degree. On the other hand, d(u,. + I) = . . . = d(uzrr+ 1) >, 
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d(u, ) + 1 2 ( y - 1) + 3 = y + 2, and as each vertex of maximum degree is 
joined to at most y vertices of less than maximum degree, each such vertex 
is joined to at least two vertices of maximum degree. 
The next result is also no surprise. It is a corollary of Lemma 6. 
THEOREM 1. If @GA) < 1, then G is not overfull. 
ProoJ If 6(G,) d 1, then there is at least one vertex which is adjacent to 
at most one vertex of maximum degree. Therefore, by Lemma 6, G is not 
overfull. 
Our next theorem constitutes the main result of this paper. 
THEOREM 2. Let G be a graph satisfying the two inequallities 
(i) ~(G)3Ll~(G)l/2J+~I~(G,)l-3, and 
(ii) 6(G,) < 1. 
Then G is class 1. 
ProoJ: We shall suppose that G satisfies (i) and (ii), but that G is 
class 2, and we shall obtain a contradiction. By Theorem 1, since 6(G,) < 1, 
it follows that G is not overfull. By Lemma 1, G has an edge-cut S with 
/SI d 1 V(G,)I - 3 which separates G into two subgraphs G, and G,, where 
I QG,)I > I VGA d(G) = d(G,), and G, is overfull. Since G, is overfull, it 
follows from Lemma 6 that each vertex of G, is joined to at least two 
vertices of G, of maximum degree in G,. Let XE V(G,) have the property 
that C&,(X) d 1. Then XE V(G,), and so d(G) = d,(x) < I V(G,)J - 1 + 




I UG,)I = I J’(G)1 - I VG,)l 
d I UG)/ - MGd + 1) 
= 1 V(G)/ -,4(G) - 1. 
d(G) 6 I V(G)1 -d(G) + I f’(G,)/ - 5 
d(G) d fl V(G)1 + +I UG,)/ -2. 
1 1 F +; ,V(G,)l-2gf IV(G)\ +; IV(G,)l-; 
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3lUG,)/ GO, 
which is impossible. Therefore G must be class 1, as asserted. 
THEOREM 3. Let G be a connected graph with either 
IV(G,)l C5 and @G,) G 1, 
OY 
I I/(G,)I = 6 and 6(G,) = 1. 
Then G is class 1 unless G hus an edge-cut S with ISI d 2 which separates G 
into two subgraphs G, and GZ, where d(G) = d(G,) 3 I V(G,)/ -2, G, is just 
overfull, and one row of the chart below is satisfied (where v1 = 1 V( G, )I ) : 
Case I V(G,)I A(G) ISI I V((G,),)I I V(G,)n VCG,)I I V(G,) n V(G,)l 
0) 5 v,- 1 1 3 4 I 
(ii) 5 v, - 1 1 4 4 1 
(iii) 6 8,-l 2 3 5 1 
(iv 1 6 “,-1 1 3 4 2 
(v) 6 V,-1 1 or2 4 5 1 
(vi) 6 VI - 1 1 4 4 2 
(vii) 6 v,-2 1 4 5 1 
Moreover, for some e= ab E S, with aE V(G,) and be V(G2), d,(a) = 
d,(b)=d(G) in cases (i), (iii), (v), and (vii), d,(a)=d(G)- 1 in cases (ii) 
and (vi), and, in cases (iv) and (vi), the two vertices of degree d(G) in V(G,) 
are adjacent. 
Proof of Theorem 3. Suppose that G is connected and that &GA) < 1. 
By Lemma 2, if / V(G,)( d 3 and G were class 2, it would follow that 
I V(G)1 = 2n + 1 for some n and that G has three vertices of degree 2n, the 
rest having degree 2n - 1. But such a graph is overfull, and so 6(G,) 3 2 by 
Lemma 6, a contradiction. Therefore G is class 1. If I V(G,)I = 4 then 
similar reasoning using Lemmas 2 and 3 shows that G is class 1. 
Now consider the case when / V(G,)i = 5. Let XE V(G,) and let 
d,,(x) < 1. By Lemma 4, G\x has the same chromatic class as G. We also 
have that I V((G\x),)l = 3 or 4. Suppose that G\x is class 2. If 
I V((G\x),)l = 3, then dGA(x) = 1 and G\x is not connected, but contains a 
component of the type described in Lemma 2. It follows that G satisfies 
case (i). If I V((G\x),)l = 4 then d,,(x) = 0 and G\x contains a component 
of type (ii) or (iiia) or (iiib) of Lemma 3. It follows that G satisfies case (ii), 
case (ii), or case (i), respectively. 
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Lastly consider the case when / P’(G,)j = 6; in this case we are assuming 
that 6(G,)= 1. Let YE V(G,) and &,(y)= 1. Then jV((G\y),)[ =4. Again, 
by Lemma 4, G\ y has the same chromatic class as G. Suppose that G\ y is 
class 2. Then either G\ y is not connected or G\ y is connected, in which 
case it is described in Lemma 3. Suppose first that G\ y is connected. Then 
it is not of types (i) or (ii) of Lemma 3, so it must be of type (iiia) or (iiib); 
then d(G) = u1 - 1. If G\y is of type (iiia) then y is either joined to one 
vertex of G,, in which case we have case (v) with IS/ = 2, or to no vertices 
of G,, in which case we have case (vi). If G\y is of type (iiib) then y is 
either joined to one vertex of G,, in which case we have case (iii), or to no 
vertices of G,, in which case we have case (iv). 
Now suppose that G\y is not connected. It is class 2 and has 4 vertices 
of maximum degree, so it contains a connected class 2 component G’ with 
either 3 or 4 vertices of degree d(G). Suppose ] V((G’),)I = 3. Then G’ is 
described in Lemma 2. Since y is joined to one vertex of G’ we have 
I V(G,) n V((G’),)l = 4. Since 6,,(y) = 1 and 1 V(G,)I = 6, there is a further 
vertex of V(G,)\ P’(G’) to which y is not joined. But then S(G,) = 0, a case 
we are not considering in this theorem. So suppose ( V((G’),)l = 4. Then G’ 
is one of the graphs described in Lemma 3. If G’ is of type (i), then G 
satisfies case (vii). If G’ is of type (ii) then y is joined either just to the 
vertex of degree d(G) - 2 in G, , in which case we have case (vi), or to a 
vertex of degree d(G) - 1 in G,, in which case we have case (v) with /S( = 1 
or 2. If G’ is of type (iiia) or (iiib), then we reach the same conclusions as 
when G\y was of type (iiia) or (iiib), respectively. This proves Theorem 3. 
In [l] we proposed a conjecture which we now state in a slightly 
modified form. 
CONJECTURE 2. Let G be a graph with A(G) > $1 V(G)/. Then G is class 2 
if and only if G contains an overfull subgraph H with A(H) = A(G). 
We now show that Conjecture 2 implies Conjecture 1. 
THEOREM 4. Conjecture 2 implies Conjecture 1. 
ProoJ: Suppose that Conjecture 2 is true, and let G be a graph satisfy- 
ing (li) and (lii). It is readily verified that all class 2 graphs with 
1 V(G)j < 5 satisfy 6(G,) 3 2, so assume that j V(G)1 3 6. Then by (Ii), 
A(G)>$(/V(G)/ -3)3f/V(G)I. 
Assume that G is class 2. We shall obtain a contradiction. Let XE V(G,) 
and de,(x) 6 1. By Conjecture 2, G contains an overfull subgraph H with 
A(H) = A(G). By Lemma 6, x$ V(H). By Lemma 5, def(H) < A(G)-2, 
and, since x is joined to at most one vertex of degree d(G), there are at 
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most $(d(G) - 2) edges from x to V(H) if d(G) is even and at most 
$(.4(G) - 1) edges if d(G) is odd. Since &(x) = d(G), there are at least 
d(G)-i(d(G)-2)=$(d(G) -I- 1) vertices of V(G)\V(H) to which x is 
joined if d(G) is even and d(G)-f(d(G)- 1)=&l(G)+; if d(G) is odd. 
Since H is overfull. 1 V(H)\ is odd, and so ( V(H)1 >, 1 + d(H) if d(H) is 
even and IV(H)1 >2+A(H) if A(H) is odd. Since A(G)=A(H) we have 
I V(G)1 2 
1 + (&t(G) + 1) + I V(H)\ if A(G) even, 
1 +(@(G)+$)+ IV(H)1 if A(G) odd, 
;A(G)+2+(d(G)+l) 
a $l(G)+~+(d(G)+2) 1 
if A(G) even, 
if A(G) odd, 
> ;A(G) + 3. 
Therefore 
A(G) G $(I V(G)1 - 3) 
contradicting (li). This proves Theorem 4. 
We point out that if inequality (li) is weakened slightly to 
A(G) > 3 I V( G)I, then Conjecture 1 follows from the considerably weaker 
form of Conjecture 2 in which 4 is replaced by 3. It seems likely that a weak 
form of Conjecture 2, in which f is replaced by some larger fraction, is 
tractable, and so it may well be that Conjecture 1 will be proved in the not 
too distant future. 
If A(G) is nearly equal to ( V(G)1 then Conjecture 2 is true ; this gives rise 
to: 
THEOREM 5. Let G be a graph satisfying 
A(G) & I V(G)1 - 3 
Let 6(G,) < 1. Then G is class 1. 
ProoJ: If A(G) satisfies the given inequality then it is known 
[ 10, 11, 3,6] that G is class 2 if and only if G contains an overfull subgraph 
H with A(G) = A(H). The theorem follows easily from this fact. 
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